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Abstract
In this paper, we introduce horizontal and vertical warped product
Finsler manifold. We prove that every C-reducible or proper Berwaldian
doubly warped product Finsler manifold is Riemannian. Then, we find
the relation between Riemmanian curvatures of doubly warped product
Finsler manifold and its components, and consider the cases that this
manifold is flat or has scalar flag curvature. We define the doubly warped
Sasaki-Matsumoto metric for warped product manifolds and find a condi-
tion under which the horizontal and vertical tangent bundles are totally
geodesic. Also, we obtain some conditions under which a foliated mani-
fold reduces to a Reinhart manifold. Finally, we study an almost complex
structure on the slit tangent bundle of a doubly warped product Finsler
manifold.
Keywords: Doubly warped product manifold, Sasaki-Matsumoto lift
metric, Vaisman connection, Reinhart manifold, Ka¨hler structure.1
1 Introduction.
In the Riemannian or semi-Riemannian cases, the doubly warped product of
Riemannian (semi-Riemannian) manifolds was studied by many authors [1, 6,
7, 8, 19], and several application to theoretical physics were given. For instance
in [7], Beem-Powell considered this product for Lorentzian manifolds. Also,
Allison considered causality and global hyperbolicity of doubly warped product
and null pseudo convexity of Lorentizian doubly warped product in [1].
This construction can be extended for Finslerian metrics with some minor
restriction. In [2, 3], Asanov gave the generalization of the Schwarzschild metric
in the Finslerian setting and obtain some models of relativity theory described
through the warped product of Finsler metrics. Then, Shen used a construc-
tion of warped of Riemannian metrics at the vertical bundle, and obtained a
Finslerian warped product metric [18]. Recently, Kozma-Peter-Varga used the
Finsler fundamental functions to define their warped product [10]. Then they
studied the relationships between the Cartan connection of the doubly warped
product manifold and components of it.
1 2000 Mathematics subject Classification: 53C60, 53C25.
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Let (M1, F1) and (M2, F2) be two Finsler manifolds with dimM1 = n1 and
dimM2 = n2 and f1 : M1 → R
+ and f2 : M2 → R
+ be two smooth functions.
Let pi1 :M1×M2 →M1 and pi2 :M1×M2 →M2 be the natural projection maps.
The product manifold M1×M2 endowed with the metric F : TM
◦
1 ×TM
◦
2 → R
is considered,
F (v1, v2) =
√
f22 (pi2(v2))F
2
1 (v1) + f
2
1 (pi1(v1))F
2
2 (v2), (1 .1)
where TM◦1 = TM1−{0} and TM
◦
2 = TM2−{0}. The metric defined above is a
Finsler metric. The product manifoldM1×M2 with the metric F (v) = F (v1, v2)
for (v1, v2) ∈ TM
◦
1 × TM
◦
2 defined above will be called the doubly warped
product of the manifolds M1 and M2 and f1 and f2 will be called the warping
functions. We denote this doubly warped by f2M1 ×f1 M2. If either f1 = 1 or
f2 = 1, but not both, then f2M1 ×f1 M2 becomes a warped product of Finsler
manifolds M1 and M2. If both f1 and f2, then we have a product manifold. If
neither f1 nor f2 is constant, then we have a nontrivial (proper) doubly warped
product manifold
This paper is arranged as follows: In section 2, we give some of basic concepts
related to Finsler manifolds. In section 3, we introduce the horizontal and
vertical distributions on tangent bundle of a doubly warped product Finsler
manifold and construct the Finsler connection on this manifold. Then, we prove
that every C-reducible or proper Berwaldian doubly warped product Finsler
manifold reduces to a Riemannian manifold. In section 4, for very two Finsler
manifolds (M1, F1) and (M2, F2), we introduce the Riemmanian curvature of
doubly warped product Finsler manifold (f2M1× f1M2, F ) and find the relation
between it and Riemmanian curvatures of its components (M1, F1) and (M2, F2).
In the cases that (f2M1 × f1M2, F ) is flat or it has the scalar flag curvature,
we obtain some results on its components. In section 5, the doubly warped
Sasaki-MatsumotometricG is introduced for the doubly warped product Finsler
manifold. Then by using the Levi-Civita connection of this metric, we find some
conditions under which HTM◦ and V TM◦ are totally geodesic. In section 6, we
obtain the Vaisman connection of Riemmanian foliated manifold (TM◦,FV ,G)
and show that it is a Reinhart space if and only if (M1, F1) and (M2, F2) are
Riemannian manifolds. Finally, we define an almost complex structure on the
slit tangent bundle of a doubly warped product Finsler manifold and show that
this structure with the doubly warped Sasaki-Matsumoto metric construct an
almost Hermitian structure. Then, we prove that (TM◦,G,J) is a Ka¨hlerian
manifold if and only if the doubly warped horizontal distribution HTM◦ is
integrable.
2 Preliminary
Let M be a n-dimensional C∞ manifold. Denote by TxM the tangent space
at x ∈ M , by TM = ∪x∈MTxM the tangent bundle of M , and by TM
◦ =
TM − {0} the slit tangent bundle on M . A Finsler metric on M is a function
2
F : TM → [0,∞) which has the following properties: (i) F is C∞ on TM◦;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ; (iii) for
each y ∈ TxM , the following quadratic form gy on TxM is positive definite,
gy(u, v) :=
1
2
∂2
∂s∂t
[
F 2(y + su+ tv)
]
|s,t=0, u, v ∈ TxM.
Define Cy : TxM ⊗ TxM ⊗ TxM → R by
Cy(u, v, w) :=
1
2
d
dt
[gy+tw(u, v)] |t=0, u, v, w ∈ TxM.
The family C := {Cy}y∈TM◦ is called the Cartan torsion. It is well known that
C = 0 if and only if F is Riemannian [5][17]. For y ∈ TxM0, define mean Cartan
torsion Iy by Iy(u) := Ii(y)u
i, where Ii := g
jkCijk , g
jk is the inverse of gjk and
u = ui ∂
∂xi
|x. By Deicke’s Theorem, F is Riemannian if and only if Iy = 0.
Let (M,F ) be a Finsler manifold. Then for y ∈ TxM0, define the Matsumoto
torsionMy : TxM ⊗TxM ⊗ TxM → R by My(u, v, w) :=Mijk(y)u
ivjwk where
Mijk := Cijk −
1
n+ 1
{Iihjk + Ijhik + Ikhij},
hij := FFyiyj = gij −
1
F 2
gipy
pgjqy
q is the angular metric. A Finsler metric
F is said to be C-reducible if My = 0 [11]. Matsumoto proves that every
Randers metric satisfies that My = 0. Later on, Matsumoto-Ho¯jo¯ proves that
the converse is true too. It is remarkable that, a Randers metric F = α+ β on
a manifold M is just a Riemannian metric α perturbated by a one form β on
M [25].
For a Finsler manifold (M,F ), a global vector field G is induced by F
on TM0, which in a standard coordinate (x
i, yi) for TM0 is given by G =
yi ∂
∂xi
− 2Gi(x, y) ∂
∂yi
, where
Gi :=
1
4
gil
{ ∂2[F 2]
∂xk∂yl
yk −
∂[F 2]
∂xl
}
, y ∈ TxM.
The G is called the spray associated to (M,F ). Then we can define By :
TxM ⊗ TxM ⊗ TxM → TxM by By(u, v, w) := B
i
jkl(y)u
jvkwl ∂
∂xi
|x where
Bijkl :=
∂3Gi
∂yj∂yk∂yl
.
The B is called the Berwald curvature. F is called a Berwald metric if B = 0.
The Riemann curvature Ry = R
i
kdx
k ⊗ ∂
∂xi
|x : TxM → TxM is a family of
linear maps on tangent spaces, defined by
Rik = 2
∂Gi
∂xk
− yj
∂2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
. (2 .2)
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For a flag P = span{y, u} ⊂ TxM with flagpole y, the flag curvature K =
K(P, y) is defined by
K(P, y) :=
gy(u,Ry(u))
gy(y, y)gy(u, u)− gy(y, u)2
. (2 .3)
We say that a Finsler metric F is of scalar curvature if for any y ∈ TxM , the
flag curvature K = K(x, y) is a scalar function on the slit tangent bundle TM0.
If K = constant, then F is said to be of constant flag curvature.
3 Doubly Warped Nonlinear Connection
Let (M1, F1) and (M2, F2) be two Finsler manifolds. Then the functions
(i) gij(x, y) =
1
2
∂2F 21 (x, y)
∂yi∂yj
, (ii) gαβ(u, v) =
1
2
∂2F 22 (u, v)
∂vα∂vβ
, (3 .4)
define a Finsler tensor field of type (0, 2) on TM◦1 and TM
◦
2 , respectively. Now
let (f2M1×f1M2, F ) be a doubly warped Finsler manifold and let x ∈M and y ∈
TxM , where x = (x, u), y = (y, v), M = M1 ×M2 and TxM = TxM1 ⊕ TuM2.
Then by using (1 .1) and (3 .4), we conclude that
(
gab(x, u, y, v)
)
=
(1
2
∂2F 2(x, u, y, v)
∂yayb
)
=
[
f22 gij 0
0 f21 gαβ
]
, (3 .5)
where ya = (yi, vα), yb = (yj , vβ), gij = f
2
2 gij , gαβ = f
2
1 gαβ , giβ = gαj = 0,
i, j, . . . ∈ {1, . . . , n1}, α, β, . . . ∈ {1, . . . , n2} and a, b, . . . ∈ {1, . . . , n1 + n2}.
Now we consider the the spray coefficients of F1, F2 and F as follows
Gi(x, y) =
1
4
gih
( ∂2F 21
∂yh∂xj
yj −
∂F 21
∂xh
)
(x, y), (3 .6)
Gα(u, v) =
1
4
gαγ
( ∂2F 22
∂vγ∂uβ
vβ −
∂F 22
∂uγ
)
(u, v), (3 .7)
Ga(x,y) =
1
4
gab
( ∂2F 2
∂yb∂xc
yc −
∂F 2
∂xb
)
(x,y). (3 .8)
Taking into account the homogeneity of both F 21 and F
2
2 , we can derive from
(3 .6) and (3 .7) that Gi and Gα are positively homogeneous of degree two
respect to (yi) and (vα), respectively. Hence, by Euler’s theorem about the
homogeneous functions, we conclude that
∂Gi
∂yj
yj = 2Gi and
∂Gα
∂vβ
vβ = 2Gα.
By setting a = i in (3 .8), we have
Gi(x, u, y, v) =
1
4
gih
( ∂2F 2
∂yh∂xj
yj +
∂2F 2
∂yh∂uα
vα −
∂F 2
∂xh
)
. (3 .9)
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Direct calculations give us
∂F 2
∂xh
= f22
∂F 21
∂xh
+
∂f21
∂xh
F 22
∂2F 2
∂yh∂xj
= f22
∂2F 21
∂yh∂xj
∂2F 2
∂yh∂uα
=
∂f22
∂uα
∂F 21
∂yh
.
Putting these equations together gih = 1
f2
2
gih in (3 .9) and using (3 .6) imply
that
Gi(x, u, y, v) = Gi(x, y) +
1
4f22
gih
( ∂f22
∂uα
∂F 21
∂yh
vα −
∂f21
∂xh
F 22
)
. (3 .10)
Similarly, by putting a = α in (3 .8) and using (3 .7), we obtain
Gα(x, u, y, v) = Gα(u, v) +
1
4f21
gαγ
(∂f21
∂xj
∂F 22
∂vγ
yj −
∂f22
∂uγ
F 21
)
. (3 .11)
Therefore we have Ga = (Gi,Gα), where Ga, Gi and Gα are given by (3 .8),
(3 .10) and (3 .11), respectively. Now, we put
(i) Gab :=
∂Ga
∂yb
, (ii) Gij :=
∂Gi
∂yj
, (iii) Gαβ :=
∂Gα
∂vβ
. (3 .12)
Then we have
Lemma 1. The coefficients Gab defined by (3 .12) satisfy in the following
(
Gab (x, u, y, v)
)
=
[
Gij(x, u, y, v) G
α
j (x, u, y, v)
Giβ(x, u, y, v) G
α
β(x, u, y, v)
]
, (3 .13)
where
Gij(x, u, y, v) :=
∂Gi
∂yj
= Gij −
1
4f22
∂gih
∂yj
∂f21
∂xh
F 22 +
1
2f22
∂f22
∂uα
vαδij , (3 .14)
Giβ(x, u, y, v) :=
∂Gi
∂vβ
=
1
4f22
gih
(∂f22
∂uβ
∂F 21
∂yh
−
∂f21
∂xh
∂F 22
∂vβ
)
, (3 .15)
Gαj (x, u, y, v) :=
∂Gα
∂yj
=
1
4f21
gαγ
(∂f21
∂xj
∂F 22
∂vγ
−
∂f22
∂uγ
∂F 21
∂yj
)
, (3 .16)
Gαβ(x, u, y, v) :=
∂Gα
∂vβ
= Gαβ −
1
4f21
∂gαγ
∂vβ
∂f22
∂uγ
F 21 +
1
2f21
∂f21
∂xj
yjδαβ .(3 .17)
Proof. By using (3 .10) and (3 .12), we have
∂Gi
∂yj
=
∂Gi
∂yj
+
1
4f22
[∂gih
∂yj
( ∂f22
∂uα
∂F 21
∂yh
vα−
∂f21
∂xh
F 22
)
+gih
∂f22
∂uα
∂2F 21
∂yj∂yh
vα
]
. (3 .18)
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But from the part (i) of (3 .4), we get
∂F 2
1
∂yh
= 2ghky
k. Hence, we have
∂gih
∂yj
∂F 21
∂yh
:= 2
∂gih
∂yj
ghky
k
= −2gihyk
∂ghk
∂yj
= 0. (3 .19)
By plugging (i) of (3 .4) and (3 .19) in (3 .18) and using gihghj = δ
i
j , we have
(3 .14). In a similar way, we can obtain (3 .15)-(3 .17).
Now, we are going to consider V TM◦, the kernel of the differential of the
projection map
pi := (pi1, pi2) : TM
◦
1 ⊕ TM
◦
2 →M1 ×M2,
which is a well-defined subbundle of TTM◦. Locally, V TM◦ is spanned by the
natural vector fields { ∂
∂y1
, . . . , ∂
∂yn1
, ∂
∂v1
, . . . , ∂
∂vn2
} and it is called the doubly
warped vertical distribution on TM◦. Then, using the functions introduced by
(3 .14)-(3 .17), the nonholonomic vector fields are defined as follows
δd
δdxi
: =
∂
∂xi
−Gji
∂
∂yj
−Gβi
∂
∂vβ
, (3 .20)
δd
δduα
: =
∂
∂uα
−Gjα
∂
∂yj
−Gβα
∂
∂vβ
. (3 .21)
This make it possible to construct a complementary vector subbundle HTM◦
to V TM◦ in TTM◦, which is locally presented as follows
HTM◦ := span{
δd
δdx1
, . . . ,
δd
δdxn1
,
δd
δdu1
, . . . ,
δd
δdun2
}.
HTM◦ is called the doubly warped horizontal distribution on TM◦. Thus the
tangent bundle of TM◦ admits the decomposition
TTM◦ = HTM◦ ⊕ V TM◦. (3 .22)
Proposition 1. Let (f1M1× f2M2, F ) be a doubly warped product Finsler man-
ifold. Then G = (Gab ) is the nonlinear connection on TM = TM1 ⊕ TM2.
Further, we have
∂Gij
∂yk
yk +
∂Gij
∂vγ
vγ = Gij
∂Giβ
∂yk
yk +
∂Giβ
∂vγ
vγ = Giβ
∂Gαj
∂yk
yk +
∂Gαj
∂vγ
vγ = Gαj
∂Gαβ
∂yk
yk +
∂Gαβ
∂vγ
vγ = Gαβ .
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Definition 1. Using decomposition (3 .22), the doubly warped vertical mor-
phism vd : TTM◦ → V TM◦ is defined by
vd :=
∂
∂yi
⊗ δdyi +
∂
∂vα
⊗ δdvα,
where
(i) δdyi := dyi+Gijdx
j+Giβdu
β, (ii) δdvα := dvα+Gαj dx
j+Gαβdu
β . (3 .23)
For this projective morphism, we have
vd(
∂
∂yi
) =
∂
∂yi
, vd(
∂
∂vα
) =
∂
∂vα
, vd(
δd
δdxi
) = 0, vd(
δd
δdui
) = 0.
From the above equations, we get (vd)2 = vd and ker(vd) = HTM◦. This
mapping is called the doubly warped vertical projective.
Definition 2. Using decomposition (3 .22), the doubly warped horizontal pro-
jective hd : TTM◦ → HTM◦ is defined by hd = id− vd or
hd :=
δd
δdxi
⊗ dxi +
δd
δduα
⊗ duα.
For this projective morphism, we have
hd(
δd
δdxi
) =
δd
δdxi
, hd(
δd
δduα
) =
δd
δduα
, hd(
∂
∂yi
) = 0, hd(
∂
∂vα
) = 0.
Thus we result that (hd)2 = hd and ker(hd) = V TM◦.
Definition 3. Using decomposition (3 .22), the doubly warped almost tangent
structure Jd : HTM◦ → V TM◦ is defined by
Jd :
∂
∂yi
⊗ dxi +
∂
∂vα
⊗ duα,
or
Jd(
δd
δdxi
) =
∂
∂yi
, Jd(
δd
δduα
) =
∂
∂vα
, Jd(
∂
∂yi
) = Jd(
∂
∂vα
) = 0.
Thus we result that J2 = 0 and kerJ = ImJ = V TM◦.
Here, we introduce some geometrical objects of doubly warped Finsler man-
ifold. In order to simplify the equations, we rewritten the basis of HTM◦ and
V TM◦ as follows:
δd
δdxa
=
δd
δdxi
δia +
δd
δduα
δαa ,
∂
∂ya
=
∂
∂yi
δia +
∂
∂vα
δαa .
7
It is clear that TTM◦ = span{ δ
d
δdxa
, ∂
∂ya
}. The Lie brackets of this basis is given
by following
[
δd
δdxa
,
δd
δdxb
] = Rcab
∂
∂yc
, [
δd
δdxa
,
∂
∂yb
] =Gcab
∂
∂yc
, [
∂
∂ya
,
∂
∂yb
] = 0, (3 .24)
where
(i) Rcab =
δdGca
δdxb
−
δdGcb
δdxa
, (ii) Gcab =
∂Gca
∂yb
. (3 .25)
Corollary 1. Let (f2M1×f1M2, F ) be a doubly warped product Finsler manifold.
Then
Rcab = (R
k
ij ,R
k
iβ ,R
k
αj ,R
k
αβ ,R
γ
ij ,R
γ
iβ ,R
γ
αj ,R
γ
αβ)
where
Rkij :=
δdGki
δdxj
−
δdGkj
δdxi
, Rkiβ :=
δdGki
δduβ
−
δdGkβ
δdxi
Rkαj :=
δdGkα
δdxj
−
δdGkj
δduα
, Rkαβ :=
δdGkα
δduβ
−
δdGkβ
δduα
R
γ
ij :=
δdG
γ
i
δdxj
−
δdG
γ
j
δdxi
, R
γ
iβ :=
δdG
γ
i
δduβ
−
δdG
γ
β
δdxi
R
γ
αj :=
δdGγα
δdxj
−
δdG
γ
j
δduα
, R
γ
αβ :=
δdGγα
δduβ
−
δdG
γ
β
δduα
.
With a simple calculation, we have the following.
Corollary 2. Let (f2M1×f1M2, F ) be a doubly warped product Finsler manifold.
Suppose that G = (Gab ) is the nonlinear connection on TM . Then
Gcab = (G
k
ij ,G
k
iβ ,G
k
αj ,G
k
αβ ,G
γ
ij ,G
γ
iβ ,G
γ
αj ,G
γ
αβ)
where
Gkij =
∂Gki
∂yj
= Gkij −
1
4f22
∂2gkh
∂yj∂yi
∂f21
∂xh
F 22 = G
k
ji,
Gkiβ =
∂Gki
∂vβ
= −
1
4f22
∂gkh
∂yi
∂f21
∂xh
∂F 22
∂vβ
+
1
2f22
∂f22
∂uβ
δki = G
k
βi,
Gkαβ =
∂Gkα
∂vβ
= −
1
2f22
gαβg
kh ∂f
2
1
∂xh
= Gkβα,
G
γ
ij =
∂G
γ
i
∂yj
= −
1
2f21
gijg
αγ ∂f
2
2
∂uα
= Gγji,
G
γ
iβ =
∂G
γ
i
∂vβ
= −
1
4f21
∂gαγ
∂vβ
∂f22
∂uα
∂F 21
∂yi
+
1
2f21
∂f21
∂xi
δ
γ
β = G
γ
βi,
G
γ
αβ =
∂Gγα
∂vβ
= Gγαβ −
1
4f21
∂2gγλ
∂vβ∂vα
∂f22
∂uλ
F 21 = G
γ
βα.
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Apart from Gcab, the functions F
c
ab are given by
Fcab =
1
2
gce
(δdgea
δdxb
+
δdgeb
δdxa
−
δdgab
δdxe
)
. (3 .26)
Corollary 3. Let (f2M1×f1M2, F ) be a doubly warped product Finsler manifold.
Then
Fcab = (F
k
ij ,F
k
iβ ,F
k
αj ,F
k
αβ ,F
γ
ij ,F
γ
iβ ,F
γ
αj ,F
γ
αβ),
where
Fkij = F
k
ij −
1
2
gkh
(
M rj
∂ghi
∂yr
+M ri
∂ghj
∂yr
−M rh
∂gij
∂yr
)
(3 .27)
Fkiβ =
1
2f22
gkh
(∂f22
∂uβ
ghi − f
2
2G
r
β
∂ghi
∂yr
)
= Fkβi (3 .28)
Fkαβ = −
1
2f22
gkh
(∂f21
∂xh
gαβ − f
2
1G
λ
h
∂gαβ
∂vλ
)
(3 .29)
F
γ
ij = −
1
2f21
gγλ
(∂f22
∂uλ
gij − f
2
2G
r
λ
∂gij
∂yr
)
(3 .30)
F
γ
iβ =
1
2f21
gγλ
(∂f21
∂xi
gβλ − f
2
1G
α
i
∂gβλ
∂vα
)
= Fγβi (3 .31)
F
γ
αβ = F
γ
αβ −
1
2
gγλ
(
M
µ
β
∂gλα
∂vµ
+Mµα
∂gλβ
∂vµ
−Mµλ
∂gαβ
∂vµ
)
(3 .32)
and F kij =
1
2g
kh( δghi
δxj
+
δghj
δxi
−
δgij
δxh
), F γαβ =
1
2g
γλ( δgλα
δuβ
+
δgλβ
δuα
−
δgαβ
δuλ
), M ri =
1
2f2
2
∂f2
2
∂uα
vαδri −
1
4f2
2
∂grh
∂yi
∂f2
1
∂xh
F 22 and M
µ
α =
1
2f2
1
∂f2
1
∂xr
yrδµα −
1
4f2
1
∂gµλ
∂vα
∂f2
2
∂uλ
F 21 .
Proof. By using (3 .26), we obtain
Fkij =
1
2
gkh
(δdghi
δdxj
+
δdghj
δdxi
−
δdgij
δdxh
)
(3 .33)
Since gij is a function with respect to (x, y), then by (3 .14) and (3 .20) we get
δdghi
δdxj
=
∂ghi
∂xj
−Grj
∂ghi
∂yr
−M rj
∂ghi
∂yr
. (3 .34)
Interchanging i and j in (3 .34), gives us
δdghj
δdxi
. Again, by interchanging j and h
in (3 .34), we obtain
δdgij
δdxh
. By setting these equation in (3 .33), we get (3 .27).
By similar calculations, we can prove the another relations.
Lemma 2. Let (f2M1× f1M2, F ) be a doubly warped product Finsler manifold.
Then ycFabc = G
a
b , where F
a
bc and G
a
b are defined by (3 .26) and (i) of (3 .12),
respectively.
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Proof. By using (i) of (3 .4), we get
(i)
∂gij
∂yr
=
∂gir
∂yj
=
∂gjr
∂yi
, (ii)
∂F 21
∂yi
= 2gijy
j . (3 .35)
Since gij is 0- positive homogenous, then by using Euler’s theorem and the part
(i) of (3 .35), we obtain
yr
∂gij
∂yr
= yr
∂gir
∂yj
= yr
∂gjr
∂yi
= 0. (3 .36)
Using (3 .36) and yjF kij in (3 .27) imply that
yjFkij = G
k
i −
1
2
gkhyjM rj
∂ghi
∂yr
. (3 .37)
Direct calculation gives us
yjM rj
∂ghi
∂yr
=
1
2f22
∂f22
∂uα
vαyr
∂ghi
∂yr
−
1
4f22
yj
∂grs
∂yj
∂f21
∂xs
F 22
∂ghi
∂yr
.
Since ghi and g
rs are 0-positive homogenous, then from the above equation we
conclude that
yjM rj
∂ghi
∂yr
= 0.
Therefore from (3 .37), we derive
yjFkij = G
k
i . (3 .38)
From (3 .15) and (3 .28) and using (ii) of (3 .35), (3 .36) and 2-positive homoge-
nously of F 22 we get
vβFkiβ =
1
2f22
∂f22
∂uβ
vβδki +
1
4f22
gkhgrs
∂ghi
∂yr
∂f21
∂xs
F 22 . (3 .39)
On the other hand, we have
gkhgrs
∂ghi
∂yr
= gkhgrs
∂ghr
∂yi
= −grsghr
∂gkh
∂yi
= −
∂gks
∂yi
. (3 .40)
Setting (3 .40) in (3 .39) implies that
vβFkiβ =
1
2f22
∂f22
∂uβ
vβδki −
1
4f22
∂gks
∂yi
∂f21
∂xs
F 22 = G
k
i −G
k
i . (3 .41)
From (3 .38) and (3 .41), we get the following
ycFkic = y
jFkij + v
βFkiβ =G
k
i . (3 .42)
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Similarly we obtain
vβFγiβ = G
γ
i , v
βFkαβ =G
k
α, v
βFγαβ = G
γ
α,
yjFkαj = 0, y
jFγαj = G
γ
α −G
γ
α, y
jFγij = 0
These equations give us
ycFkαc = y
jFkαj + v
βFkαβ = G
k
α
ycFγic = y
jFγij + v
βFγiβ = G
γ
i
ycFγαc = y
jFγαj + v
βFγαβ = G
γ
α.
This completes the proof.
The local components of doubly warped Cartan tensor field of Manifold
(f2M1 × f1M2, F ) is defined by
Cabc =
1
2
gae
∂gbc
∂ye
.
From this definition, we conclude the following.
Lemma 3. Let (f2M1× f1M2, F ) be a doubly warped product Finsler manifold.
Suppose that Ckij and C
γ
αβ be the local components of Cartan tensor field on M1
and M2, respectively. Then we have
Ccab = (C
k
ij ,C
k
iβ ,C
k
αj ,C
k
αβ ,C
γ
ij ,C
γ
iβ ,C
γ
αj ,C
γ
αβ),
where
Ckij =
1
2
gkh
∂gij
∂yh
= Ckij , C
γ
αβ =
1
2
gγλ
∂gαβ
∂vλ
= Cγαβ ,
and Ckiβ = C
k
αj = C
k
αβ = C
γ
ij = C
γ
iβ = C
γ
αj = 0.
By using the Lemma 3, we can conclude the following.
Corollary 4. Let (f2M1×f1M2, F ) be a doubly warped product Finsler manifold.
Then (f2M1 × f1M2, F ) is a Riemannian manifold if and only if (M1, F1) and
(M2, F2) are Riemannian manifolds.
Now, we are going to consider C-reducible doubly warped product Finsler
manifold.
Theorem 1. Every C-reducible doubly warped product Finsler manifold (f1M1×
f2M2, F ) is a Riemannian manifold.
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Proof. We define the Matsumoto doubly warped tensor Mabc as follows:
Mabc = Cabc −
1
n+ 1
{Iahbc + Ibhac + Ichab}, (3 .43)
where Ia = g
bcCabc, Cabc = gcdC
d
ab and hab = gab −
1
F 2
yayb is the angular
metric. By attention to (3 .43) and the relations Cijk = f
2
2Cijk and Cαβγ =
f21Cαβγ , we obtain
Mαjk = −
1
n+ 1
{
f22 Iα(gjk −
f22
F 2
yjyk)−
f21 f
2
2
F 2
vα(Ijyk + Ikyj)
}
. (3 .44)
Contracting (3 .44) with yjyk implies that
yjykMαjk = −
f22F
2
1
(n+ 1)
(1 −
f22F
2
1
F 2
)Iα = −
f21 f
2
2F
2
1F
2
2
(n+ 1)F 2
Iα. (3 .45)
By assumption Mαjk = 0, and then Iα = 0, i.e., (M2, F2) is a Riemannian
manifold. By similar calculations, we can deduce that (M1, F1) is a Riemannian
manifold. This completes the proof.
Theorem 2. Every proper doubly warped product Finsler manifold (f2M1 ×
f1M2, F ) with vanishing Berwald curvature is a Riemannian manifold.
Proof. The coefficients of Berwald curvature of a doubly warped product Finsler
manifold (f2M1 × f1M2, F ) are given by following:
Bkijl = B
k
ijl −
1
4f22
∂3gkh
∂yi∂yj∂yl
∂f21
∂xh
F 22 (3 .46)
Bkiβl = −
1
4f22
∂2gkh
∂yl∂yi
∂f21
∂xh
∂F 22
∂vβ
(3 .47)
Bkαβl = −
1
2f22
gαβ
∂gkh
∂yl
∂f21
∂xh
(3 .48)
Bkαβλ = −
1
f22
Cαβλg
kh ∂f
2
1
∂xh
(3 .49)
Bkiβλ = −
1
2f22
∂gkh
∂yi
∂f21
∂xh
gβλ (3 .50)
Bγαβλ = B
γ
αβλ −
1
4f21
∂3gγν
∂vβ∂vα∂vλ
∂f22
∂uν
F 21 (3 .51)
Bγiβλ = −
1
4f21
∂2gαγ
∂vβ∂vλ
∂f22
∂uα
∂F 21
∂yi
(3 .52)
Bγijλ = −
1
2f21
gij
∂gαγ
∂vλ
∂f22
∂uα
, (3 .53)
Bγijk = −
1
f21
Cijkg
αγ ∂f
2
2
∂uα
(3 .54)
Bγiβk = −
1
2f21
∂gαγ
∂vβ
∂f22
∂uα
gik. (3 .55)
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If (f2M1 × f1M2, F ) is Berwaldian, then we have B
d
abc = 0. By (3 .49), we get
Cαβλg
kh ∂f
2
1
∂xh
= 0. (3 .56)
Multiplying (3 .56) with gkr implies that
Cαβλ
∂f21
∂xr
= 0. (3 .57)
By (3 .57), if f1 is not constant then we result that Cαβλ = 0, i.e., (M2, F2)
is Riemannian. In the similar way, from (3 .54) we conclude that if f2 is non
constant then (M1, F1) is Riemannian.
Theorem 3. Let (f2M1×f1M2, F ) be a doubly warped product Finsler manifold
and f1 is constant on M1 (f2 is constant on M2). Then (f2M1 × f1M2, F ) is
Berwaldian if and only if M1 is Riemannian, M2 is Berwaldian and
∂gαγ
∂vλ
∂f2
2
∂uα
=
0 (M2 is Riemannian, M1 is Berwaldian and
∂gij
∂yk
∂f2
1
∂xi
= 0).
Proof. Let (f2M1 × f1M2, F ) be a Berwaldian manifold and f1 is constant on
M1. Then from (3 .54) we result that Cijk = 0, i.e., (M1, F1) is Riemannian.
Also, (3 .53) gives us ∂g
αγ
∂vλ
∂f2
2
∂uα
= 0. Differentiating this equation with respect
to (vβ) we deduce ∂
2gαγ
∂vλ∂vβ
∂f2
2
∂uα
= 0 and consequently ∂
3gαγ
∂vλ∂vβ∂vµ
∂f2
2
∂uα
= 0. Setting
this equation in (3 .51) we derive Bγαβλ = 0, i.e., (M2, F2) is Berwaldian. In the
similar way, we can prove the converse of this assertion.
Corollary 5. Let (M1× f1M2, F ) be a proper warped product Finsler manifold.
Then (M1 × f1M2, F ) is Berwaldian if and only if M2 is Riemannian, M1 is
Berwaldian and ∂g
ij
∂yk
∂f2
1
∂xi
= 0.
4 Riemannian Curvature of a Doubly Warped
Product Manifold
The Riemannian curvature of a doubly warped product Finsler manifold (f2M1×
f1M2, F ) with respect to Berwald connection is given by
R ab cd =
δdFabc
δdxd
−
δdFabd
δdxc
+ FadeF
e
bc − F
a
ceF
e
bd. (4 .58)
For the definition of Berwald connection see [22] and [23].
Lemma 4. Let (f2M1× f1M2, F ) be a doubly warped product Finsler manifold.
Then
Racd = y
bR ab cd,
where Racd and y
bR ab cd are given by (3 .25) and (4 .58).
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Proof. By using (4 .58), we have
ybR ib kl = y
b δ
dFibk
δdxl
− yb
δdFibl
δdxk
+ ybFileF
e
bk.− y
bFikeF
e
bl. (4 .59)
By using Corollary 3 and Lemma 2, we obtain
yb
δdFibk
δdxl
=
δdGik
δdxl
+ FijkG
j
l + F
i
βkG
β
l , y
bFileF
e
bk = F
i
lhG
h
k + F
i
lγG
γ
k . (4 .60)
Interchanging i and j in (4 .60) implies that
yb
δdFibl
δdxk
=
δdGil
δdxk
+ FijlG
j
k + F
i
βlG
β
k , y
bFikeF
e
bl = F
i
khG
h
l + F
i
kγG
γ
l . (4 .61)
Plugging (4 .60) and (4 .61) in (4 .59), give us ybR ib kl = R
i
kl. In the similar
way, we can obtain this relation for another indices.
Using (4 .58), we are going to compute the Riemannian curvature of a doubly
warped product Finsler manifold.
Lemma 5. Let (f2M1× f1M2, F ) be a doubly warped product Finsler manifold.
Then the Riemannian curvature of a doubly warped product Finsler manifold is
given by following
R ij kl = R
i
j kl −A(kl)
{
M rl
∂F ijk
∂yr
+
δdM ijk
δdxl
+ F ilhM
h
jk +M
i
lhF
h
jk −M
i
lhM
h
jk
+
1
4f21f
2
2
gisgαγ(gsl
∂f22
∂uγ
− f22G
r
γ
∂gsl
∂yr
)(gjk
∂f22
∂uα
− f22G
h
α
∂gjk
∂yh
)
}
(4 .62)
R iα kl = A(kl)
{ 1
2f22
δd
δdxl
(
∂f22
∂uα
δik − f
2
2G
r
αg
ih ∂ghk
∂yr
) +
1
2f22
(F irl −M
i
rl)(
∂f22
∂uα
δrk
−f22G
m
α g
rh∂ghk
∂ym
) +
1
4f21f
2
2
(
∂f22
∂uβ
δil − f
2
2G
r
βg
ih ∂ghl
∂yr
)(
∂f21
∂xk
δβα
−f21G
µ
kg
βλ ∂gαλ
∂vµ
)
}
(4 .63)
R ij βλ = A(βλ)
{ δd
δduλ
( 1
2f22
(
∂f22
∂uβ
δij − f
2
2G
r
βg
ih ∂ghj
∂yr
)
)
+
1
4(f22 )
2
(
∂f22
∂uλ
δir
−f22G
m
λ g
ih ∂ghr
∂ym
)(
∂f22
∂uβ
δrj − f
2
2G
l
βg
rs ∂gsj
∂yl
)−
1
4f21f
2
2
(
∂f21
∂xh
gihgαλ
−f21G
µ
hg
ih ∂gαλ
∂vµ
)(
∂f21
∂xj
δαβ − f
2
1G
ν
j g
αγ ∂gβγ
∂vν
)
}
(4 .64)
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R iα βl = −
δd
δduβ
( 1
2f22
(
∂f22
∂uα
δil − f
2
2G
r
αg
ih ∂ghl
∂yr
)
)
+
1
2f22
δd
δdxl
(
∂f21
∂xh
gihgαβ
−f21G
λ
hg
ih ∂gαβ
∂vλ
)−
1
4(f22 )
2
(
∂f22
∂uβ
δir − f
2
2G
m
β g
ih ∂ghr
∂ym
)(
∂f22
∂uα
δrl
−f22G
s
αg
rn ∂gnl
∂ys
) +
1
4f21 f
2
2
(
∂f21
∂xh
gihgµβ − f
2
1G
λ
hg
ih ∂gµβ
∂vλ
)(
∂f21
∂xl
δµα
−f21G
ν
l g
µγ ∂gγα
∂vν
)−
1
2f22
grh(F irl −M
i
rl)(
∂f21
∂xh
gαβ − f
2
1G
λ
h
∂gαβ
∂vλ
)
+
1
2f22
(
∂f22
∂uµ
δil − f
2
2G
r
µg
ih ∂ghl
∂yr
)(Fµαβ −M
µ
αβ) (4 .65)
R
γ
j βλ = A(βλ)
{ 1
2f21
δd
δduλ
(
∂f21
∂xj
δ
γ
β − f
2
1G
α
j g
γµ ∂gβµ
∂vα
) +
1
2f21
(F γαλ −M
γ
αλ)(
∂f21
∂xj
δαβ
−f21G
ν
j g
αµ ∂gβµ
∂vν
) +
1
4f21f
2
2
(
∂f21
∂xr
δ
γ
λ − f
2
1G
α
r g
γβ ∂gλβ
∂vα
)(
∂f22
∂uβ
δrj
−f22G
m
β g
rh∂ghj
∂ym
)
}
(4 .66)
R
γ
α kl = A(kl)
{ δd
δdxl
( 1
2f21
(
∂f21
∂xk
δγα − f
2
1G
µ
kg
γλ∂gαλ
∂vµ
)
)
+
1
4(f21 )
2
(
∂f21
∂xl
δ
γ
β
−f21G
α
l g
γλ∂gβλ
∂vα
)(
∂f21
∂xk
δβα − f
2
1G
ν
kg
βµ∂gαµ
∂vν
)−
1
4f21f
2
2
gγλ(
∂f22
∂uλ
glr
−f22G
m
λ
∂glr
∂ym
)(
∂f22
∂uα
δrk − f
2
2G
s
αg
rh ∂ghk
∂ys
)
}
(4 .67)
R
γ
α βλ = R
γ
α βλ −A(βλ)
{
Mκλ (
∂F
γ
αβ
∂vκ
+
δdM
γ
αβ
δduλ
) + F γλµM
µ
αβ +M
γ
λµ(F
µ
αβ −M
µ
αβ)
+
1
4f21f
2
2
gγνgrs(gνλ
∂f21
∂xs
− f21G
κ
s
∂gνλ
∂vκ
)(gαβ
∂f21
∂xr
− f21G
µ
r
∂gαβ
∂vµ
)
}
,(4 .68)
where M ijk =
1
2g
ih(M rk
∂ghj
∂yr
+ M rj
∂ghk
∂yr
− M rh
∂gjk
∂yr
), Mγαβ =
1
2g
γν(Mµβ
∂gνα
∂vµ
+
Mµα
∂gνβ
∂vµ
−Mµν
∂gαβ
∂vµ
) and A(ij) denotes the interchange of indices i, j and sub-
traction.
Proof. By (4 .58), we have
R ij kl =
δdFijk
δdxl
−
δdF ijl
δdxk
+ F ilhF
h
jk + F
i
lγF
γ
jk − F
i
khF
h
jl − F
i
kγF
γ
jl. (4 .69)
By using (3 .27), we get
Fijk = F
i
jk −M
i
jk.
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Since F kij is a function with respect to (x, y), then by (3 .14) and (3 .20) we
derive that
δdFijk
δdxl
=
δF ijk
δxl
−M rl
∂F ijk
∂yr
−
δdM ijk
δdxl
. (4 .70)
Interchanging k and l in (4 .70) implies that
δdFijl
δdxk
=
δF ijl
δxk
−M rk
∂F ijl
∂yr
−
δdM ijl
δdxk
. (4 .71)
By plugging (3 .27), (3 .28), (3 .30), (4 .70) and (4 .71) in (4 .69), we can obtain
(4 .62). In the similar way, we can obtain this relation for another indices.
Theorem 4. Let (f2M1 × f1M2, F ) be a flat doubly warped product Finsler
manifold. Then
(i) if (M1, F1) is Riemannian then the components of the Riemannian Curva-
ture of M1 are as follows:
R ij kl =
||gradf2||
2
f21
(δilgjk − δ
i
kgjl). (4 .72)
(ii) if (M2, F2) is Riemannian then the components of the Riemannian Curva-
ture of M2 are as follows:
R
γ
α βλ =
||gradf1||
2
f22
(δγλgαβ − δ
γ
βgαλ). (4 .73)
Proof. Since the proof of (ii) similar to (i), then we only prove (i). Let (M1, F1)
be a Riemannian manifold. Then gij is a function of (x), only. Therefore we
have M ijk = 0. Also, the function F
i
jk independent of (y). By using (4 .62), we
conclude that
R ij kl = R
i
j kl −
1
4f21 f
2
2
(δilgjk − δ
i
kgjl)g
αγ ∂f
2
2
∂uγ
∂f22
∂uα
.
But we have
gαγ
∂f22
∂uγ
∂f22
∂uα
= 4f22 ||gradf2||
2.
Hence the above equation rewritten as follows
R ij kl = R
i
j kl −
||gradf2||
2
f21
(δilgjk − δ
i
kgjl). (4 .74)
Since (f2M1 × f1M2, F ) is a flat manifold, then we have R
i
j kl = 0. Therefore,
(4 .74) gives us (4 .72).
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Now, let (M1, F1) is a Riemannian manifold and f1 is a scalar function on
M1. Then from (4 .72), we have
R ij kl = K1||gradf2||
2(δilgjk − δ
i
kgjl),
where K1 is constant. Since gradf2 is independent of (x), then it is a constant
function on M1. The similar argument is hold, if (M2, F2) is Riemannian and
f2 is constant on M2. Therefore we have the following corollary.
Corollary 6. Let (f2M1 × f1M2, F ) be a flat doubly warped product Finsler
manifold. Then
(i) if (M1, F1) is a Riemannian manifold and f1 is constant on M1, then M1
is a space of positive constant curvature K1||gradf2||
2;
(ii) if (M2, F2) is a Riemannian manifold and f2 is constant on M2, then M2
is a space of positive constant curvature K2||gradf1||
2.
By the corollaries 4 and 6, we conclude the following.
Corollary 7. Let (f2M1×f1M2, F ) be a flat doubly warped product Riemannian
manifold. Then
(i) if f1 is constant onM1, thenM1 has positive constant curvatureK1||gradf2||
2
and M2 is a flat manifold;
(ii) if f2 is constant onM2, thenM2 has positive constant curvatureK2||gradf1||
2
and M1 is a flat manifold.
The flag curvature of a Finsler metric which plays the central role in Finsler
geometry, is called a Riemannian quantity because it is a natural extension of
sectional curvature in Riemannian geometry. For a Finsler manifold (M,F ), the
flag curvature is a function K(P, y) of tangent planes P ⊂ TxM and directions
y ∈ P . The Finsler metric F is said to be of scalar flag curvature if the flag
curvature K(P, y) = K(x, y) is independent of flags P associated with any fixed
flagpole y [17].
Theorem 5. Let (M1, F1) be a Riemannian manifold and (f2M1 × f1M2, F )
be a doubly warped product Finsler space of scalar flag curvature λ1(x, u, y, v).
Then (M1, F1) has constant curvature K1 if and only if
λ1(x, u, y, v) = K1 −
||gradf2||
2
f21
.
Proof. Since (f2M1 × f1M2, F ) is a space of scalar flag curvature λ1(x, u, y, v),
then we have
R ij kl = λ1(x, u, y, v)(δ
i
lgjk − δ
i
kgjl). (4 .75)
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By setting (4 .75) in (4 .74), we obtain
R ij kl =
[
λ1(x, u, y, v) +
||gradf2||
2
f21
]
(δilgjk − δ
i
kgjl). (4 .76)
By using (4 .76), the proof is completes.
Similarly, we have the following.
Theorem 6. Let (M2, F2) be a Riemannian manifold and (f2M1 × f1M2, F )
be a doubly warped product Finsler space of scalar flag curvature λ2(x, u, y, v).
Then (M2, F2) has constant curvature K2 if and only if
λ2(x, u, y, v) = K2 −
||gradf1||
2
f22
.
Corollary 8. Let (f2M1 × f1M2, F ) be a doubly warped product Riemannian
manifold of the constant curvature λ. Then
(i) if f1 is constant on M1, then M1 and M2 have constant curvatures λ +
||gradf2||
2 and λ, respectively;
(ii) if f2 is constant on M2, then M1 and M2 have constant curvatures λ and
λ+ ||gradf1||
2, respectively.
5 Doubly Warped Sasaki-Matsumoto Metric
Let (M,F ) be a Finsler manifold. It is well known that there are several ways to
associate the slit tangent bundle TM◦ ofM with Riemannian metrics which are
naturally induced by the Finsler metric F . The most well-known such metric is
the Sasaki-Matsumoto lift
G = gijdx
i ⊗ dxj + gijδy
i ⊗ δyj .
to the TM◦ (see [13, 14, 15, 16]). Now, let (f1M1×f2M2, F ) be a doubly warped
product Finsler manifold. Then the doubly warped Sasaki-Matsumoto metric
can introduced as follows
G = f22 gijdx
i ⊗ dxj + f21 gαβdu
α ⊗ duβ + f22 gijδ
dyi ⊗ δdyj
+ f21 gαβδ
dvα ⊗ δdvβ , (5 .77)
where δdyi and δdvα are defined by (3 .23).
Proposition 2. Let (f2M1 × f1M2, F ) be a doubly warped product Finsler
manifold. Then the Levi-Civita connection ∇d on the Riemannian manifold
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(TM◦, Gd) is locally expressed as follows:
∇d
δd
δdxi
δd
δdxj
= Fsij
δd
δdxs
+ (
1
2
Rsij − C
s
ij)
∂
∂ys
+ Fγij
δd
δduγ
+
1
2
R
γ
ij
∂
∂vγ
(5 .78)
∇d
δd
δdxi
∂
∂yj
= (Csij +
grj
2
gksRrki)
δd
δdxs
+
f22
2f21
grjg
γµRrµi
δd
δduγ
+
gks
2
(
δd
δdxi
gjk +G
r
ijgrk −G
r
ikgrj)
∂
∂ys
+
1
2f21
gγµ(f21G
λ
ijgλµ − f
2
2G
r
iµgrj)
∂
∂vγ
(5 .79)
∇d
δd
δdxi
δd
δduβ
= Fsiβ
δd
δdxs
+
1
2
Rsiβ
∂
∂ys
+ Fγiβ
δd
δduγ
+
1
2
R
γ
iβ
∂
∂vγ
(5 .80)
∇d
δd
δdxi
∂
∂vβ
=
f21
2f22
gλβg
ksRλki
δd
δdxs
+
1
2f22
gks(f22G
r
iβgrk
−f21G
λ
ikgλβ)
∂
∂ys
+
1
2
gλβg
µγRλµi
δd
δduγ
+
1
2f21
gγµ(
δd
δdxi
f21 gβµ + f
2
1G
λ
iβgλµ − f
2
1G
λ
iµgλβ)
∂
∂vγ
(5 .81)
∇d
δd
δduα
δd
δduβ
= Fsαβ
δd
δdxs
+
Rsαβ
2
∂
∂ys
+ Fγαβ
δd
δduγ
+ (
R
γ
αβ
2
− Cγαβ)
∂
∂vγ
(5 .82)
∇d
δd
δduα
δd
δdxj
= Fsαj
δd
δdxs
+
1
2
Rsαj
∂
∂ys
+ Fγαj
δd
δduγ
+
1
2
R
γ
αj
∂
∂vγ
(5 .83)
∇d
δd
δduα
∂
∂yj
=
1
2f22
gks(
δd
δduα
f22 gjk + f
2
2G
r
αjgrk − f
2
2G
r
αkgrj)
∂
∂ys
+
1
2
grjg
ksRrkα
δd
δdxs
+
f22
2f21
grjg
γµRrµα
δd
δduγ
+
1
2f21
gγµ(f21G
λ
αjgλµ − f
2
2G
r
αµgrj)
∂
∂vγ
(5 .84)
∇d
δd
δduα
∂
∂vβ
=
f21
2f22
gλβg
ksRλkα
δd
δdxs
+
1
2f22
gks(f22G
r
αβgrk
−f21G
λ
αkgλβ)
∂
∂ys
+ (Cγαβ +
1
2
gλβg
µγRλµα)
δd
δduγ
+
1
2f21
gγµ(
δd
δduα
f21 gβµ + f
2
1G
λ
αβgλµ − f
2
1G
λ
αµgλβ)
∂
∂vγ
(5 .85)
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∇d∂
∂yi
∂
∂yj
=
gks
2
(Grkjgri +G
r
kigrj −
δd
δdxk
gij)
δd
δdxs
+ Csij
∂
∂ys
+
1
2f21
gγµ(f22G
r
µjgri + f
2
2G
r
µigrj −
δd
δduµ
f22 gij)
δd
δduγ
(5 .86)
∇d ∂
∂vα
∂
∂yj
=
1
2f22
gks(f21G
λ
kjgλα + f
2
2G
r
kαgrj)
δd
δdxs
+
1
2f21
gγµ(f21G
λ
µjgλα + f
2
2G
r
µαgrj)
δd
δduγ
= ∇d∂
∂yj
∂
∂vα
(5 .87)
∇d ∂
∂vα
∂
∂vβ
=
1
2f22
gks(−
δd
δdxk
f21 gαβ + f
2
1G
λ
kβgλα + f
2
1G
λ
kαgλβ)
δd
δdxs
+
1
2f21
gγµ(−f21
δd
δduµ
gαβ + f
2
1G
λ
µβgλα + f
2
1G
λ
µαgλβ)
δd
δduγ
+Cγαβ
∂
∂vγ
(5 .88)
The Levi-Civita connection ∇d induces a connection ∇ on V TM◦, i.e.,
∇Xv
dY = vd(∇dXv
dY ), (5 .89)
for X,Y ∈ Γ(TTM◦). Then we have
Lemma 6. we have
∇ δd
δdxi
∂
∂yj
= Fsij
∂
∂ys
+ Fγij
∂
∂vγ
, ∇ δd
δduα
∂
∂yj
= Fsαj
∂
∂ys
+ Fγαj
∂
∂vγ
(5 .90)
∇ δd
δdxi
∂
∂vβ
= Fsiβ
∂
∂ys
+ Fγiβ
∂
∂vγ
, ∇ δd
δduα
∂
∂vβ
= Fsαβ
∂
∂ys
+ Fγαβ
∂
∂vγ
(5 .91)
∇d∂
∂yi
∂
∂yj
= Csij
∂
∂ys
, ∇d ∂
∂vα
∂
∂vβ
= Cγαβ
∂
∂vγ
, ∇d∂
∂yi
∂
∂vβ
= ∇d ∂
∂vα
∂
∂yj
= 0.(5 .92)
Proof. By using (5 .79), (5 .81), (5 .84)-(5 .88) and (5 .89) it is sufficient to
proof the following equation:
1
2
gce(
δdgea
δdxb
+ gdeG
d
ba − gdaG
d
be) = F
c
ab. (5 .93)
By using (i) of (3 .12), we derive
gdeG
d
ba − gdaG
d
be = gde
∂2Gd
∂ya∂yb
− gda
∂2Gd
∂ye∂yb
=
∂
∂yb
(
∂Ge
∂ya
−
∂Ga
∂ye
)−Gda
∂gde
∂yb
+Gde
∂gda
∂yb
, (5 .94)
where Ge := gdeG
d. By direct calculations and using (3 .5) and (3 .8), we
deduce that
∂
∂yb
(
∂Ge
∂ya
−
∂Ga
∂ye
) =
∂geb
∂xa
−
∂gab
∂xe
. (5 .95)
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Putting (5 .95) in (5 .94) implies that
gdeG
d
ba − gdaG
d
be =
δdgeb
δdxa
−
δdgab
δdxe
. (5 .96)
By plugging (5 .96) in the left side of equation (5 .93) and using (3 .26), we
obtain the right side of equation (5 .93).
We say that the vertical distribution V TM◦ is totally geodesic in TTM◦ if
∇d ∂
∂ya
∂
∂yb
∈ Γ(V TM◦).
Similarly, we say that the horizontal distribution HTM◦ is totally geodesic in
TTM◦ if
∇d
δd
δdxa
δd
δdxb
∈ Γ(HTM◦).
For more details, see [21].
Proposition 3. Let (f2M1× f1M2, F ) be a doubly warped product Finsler man-
ifold. Then V TM◦ is totally geodesic if and only if Fcab = G
c
ab.
Proof. By using the definition of totally geodesic, we deduce that V TM◦ is
totally geodesic if and only if
∇d∂
∂yi
∂
∂yj
∈ Γ(V TM◦), ∇d∂
∂yi
∂
∂vβ
∈ Γ(V TM◦), (5 .97)
∇d ∂
∂vα
∂
∂yj
∈ Γ(V TM◦), ∇d ∂
∂vα
∂
∂vβ
∈ Γ(V TM◦). (5 .98)
Since Gd is parallel with respect to ∇d, then we have
G(∇d∂
∂yi
∂
∂yj
,
δd
δdxh
) +G(∇d∂
∂yi
δd
δdxh
,
∂
∂yj
) = 0, (5 .99)
G(∇d∂
∂yi
∂
∂yj
,
δd
δduλ
) +G(∇d∂
∂yi
δd
δduλ
,
∂
∂yj
) = 0. (5 .100)
By using (5 .86) and (5 .90), we obtain
1
2
gkl(−
δd
δdxk
gij +G
r
kjgri +G
r
kigrj) = g
lh(Gsih − F
s
ih)gsj , (5 .101)
1
2
gνµ(−
δd
δduµ
f22 gij + f
2
2G
r
µjgri + f
2
2G
r
µigrj) = f
2
2 g
λν(Gsiλ − F
s
iλ)gsj . (5 .102)
Putting the above equations in (5 .86) give us
∇d∂
∂yi
∂
∂yj
= [gsh(Glih − F
l
ih)
δd
δdxs
+
f22
f21
gλγ(Gliλ − F
l
iλ)
δd
δduγ
]glj + C
s
ij
∂
∂ys
.
Therefore ∇d∂
∂yi
∂
∂yj
∈ Γ(V TM◦) if and only if Glih = F
l
ih and G
l
iλ = F
l
iλ.
Similarly, we obtain the another relations.
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Corollary 9. Let (f2M1 × f1M2, F ) be a doubly warped product Riemannian
manifold. Then V TM◦ is totally geodesic distribution.
Proposition 4. Let (f2M1× f1M2, F ) be a doubly warped product Finsler man-
ifold. Then HTM◦ is totally geodesic if and only if (M1, F1) and (M2, F2) are
Riemannian manifolds and Rγij = R
s
iβ = R
γ
iβ = R
s
αβ = 0.
Proof. By definition, HTM◦ is totally geodesic if and only if
∇d
δd
δdxi
δd
δdxj
∈ Γ(HTM◦), ∇d
δd
δdxi
δd
δduβ
∈ Γ(HTM◦), (5 .103)
∇d
δd
δduα
δd
δdxj
∈ Γ(HTM◦), ∇d
δd
δduα
δd
δduβ
∈ Γ(HTM◦). (5 .104)
(5 .78) implies that ∇d
δd
δdxi
δd
δdxj
∈ Γ(HTM◦) if and only if Rγij = 0 and
− Csij +
1
2
Rsij = 0. (5 .105)
Interchanging i and j in the above equation gives us
− Csji +
1
2
Rsji = 0. (5 .106)
It is remarkable that Csij and R
s
ij are symmetric and skew-symmetric tensors
with respect to i and j, respectively. Then (5 .105)+(5 .106), implies that Csij =
0, i.e., (M1, F1) is a Riemannian manifold. In the similar way, we can prove
another relations.
6 Doubly Warped Vaisman Connection
In this section, the Riemannian manifold (TM0,G) is considered for which
M = f2M1 × f1M2 and G is given by (5 .77) and the vertical foliation FV (i.e.,
TTM◦ = HTM◦ ⊕ V TM◦) on it. Also, we consider the notation from [4] and
[20], related to foliated manifolds entitled Vaisman connection. The Vaisman
connection ∇v on the Riemannian foliated manifold (TM◦,FV ,G), is uniquely
defined by the following conditions:
(i) if Y ∈ Γ(V TM◦) (respectively ∈ Γ(HTM◦)), then ∇vXY ∈ Γ(V TM
◦) (re-
spectively ∈ Γ(HTM◦)) for every X ;
(ii) if X,Y, Z ∈ Γ(V TM◦) (Γ(HTM◦)), then (∇vXG)(Y, Z) = 0;
(iii) vd(T (X,Y )) = 0 if at least one of the arguments is in Γ(V TM◦) and
hd(T (X,Y )) = 0 if at least one of the arguments is in Γ(HTM◦).
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Now, we are going to compute the Vaisman connection on the Riemannian
foliated manifold (TM◦,FV ,G).
Proposition 5. Let (f2M1× f1M2, F ) be a doubly warped product Finsler man-
ifold. Then the Vaisman connection ∇v on (TM◦,FV ,G), is locally expressed
with respect to the adapted local basis { δ
d
δdxi
, δ
d
δduα
, ∂
∂yi
, ∂
∂vα
} as follows:
∇v
δd
δdxi
∂
∂yj
= Gkij
∂
∂yk
+Gγij
∂
∂vγ
, ∇v
δd
δduα
∂
∂vβ
= Gkαβ
∂
∂yk
+Gγαβ
∂
∂vγ
(6 .107)
∇v
δd
δduα
∂
∂yj
= Gkαj
∂
∂yk
+Gγαj
∂
∂vγ
, ∇v
δd
δdxi
∂
∂vβ
= Gkiβ
∂
∂yk
+Gγiβ
∂
∂vγ
(6 .108)
∇v
δd
δdxi
δd
δdxj
= Fkij
δd
δdxk
+ Fγij
δd
δduγ
, ∇v
δd
δduα
δd
δduβ
= Fkαβ
δd
δdxk
+ Fγαβ
δd
δduγ
,
(6 .109)
∇v
δd
δdxi
δd
δduβ
= Fkiβ
δd
δdxk
+ Fγiβ
δd
δduγ
, ∇v
δd
δduα
δd
δdxj
= Fkαj
δd
δdxk
+ Fγαj
δd
δduγ
,
(6 .110)
∇v∂
∂yi
∂
∂yj
= Ckij
∂
∂yk
, ∇v ∂
∂vα
∂
∂vβ
= Cγαβ
∂
∂vγ
, ∇v∂
∂yi
∂
∂vβ
= ∇v ∂
∂vα
∂
∂yj
= 0,
(6 .111)
∇v∂
∂yi
δd
δdxj
= ∇v ∂
∂vα
δd
δdxj
= ∇v ∂
∂vα
δd
δduβ
= ∇v∂
∂yi
δd
δduβ
= 0. (6 .112)
Proof. From the condition (i) of Vaisman connection, we have
∇v
δd
δdxi
∂
∂yj
= Akij
∂
∂yk
+Aγij
∂
∂vγ
, ∇v∂
∂yj
δd
δdxi
= Bkji
δd
δdxk
+Bγji
δd
δduγ
. (6 .113)
By using (6 .113) and the condition (ii) of Vaisman connection, we get
0 = V (T (
δd
δdxi
,
∂
∂yj
)) = (Akij−G
k
ij)
∂
∂yk
+(Aγij−G
γ
ij)
∂
∂vγ
−Bkji
δd
δdxk
−Bγji
δd
δduγ
.
The above equation Akij = G
k
ij , A
γ
ij = G
γ
ij and B
k
ji = B
γ
ji = 0. Therefore, we
obtain the first equation of (6 .107) and the first equation of (6 .112). Similarly,
we can obtain the another relations.
The Lemma 6 and Proposition 5, give us the following.
Theorem 7. Let (f2M1 × f1M2, F ) be a doubly warped product Finsler mani-
fold. Then the Levi-Civita and the Vaisman connections on the foliated manifold
(TM◦,FV ,G) induce the same connection on the structural bundle if and only
if Fcab = G
c
ab.
Therefore, we conclude the following.
Corollary 10. Let (f2M1 × f1M2, F ) be a doubly warped product Riemannian
manifold. Then the Levi-Civita and the Vaisman connections on the foliated
manifold (TM◦,FV ,G) induce the same connection on the structural bundle.
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Definition 4. A Riemannian foliated manifold with the Riemannian metric G
is called a Reinhart space if and only if
(∇vXG)(Y, Z) = 0, (6 .114)
for all the sectionsX of the structural bundle and Y, Z sections of the transversal
bundle, where the covariant derivative is taken with respect to the Vaisman
connection of the manifold [25].
Theorem 8. Let (f1M1×f2M2, F ) be a doubly warped product Finsler manifold.
The foliated manifold (TM◦,FV ,G) is a Reinhart space if and only if (M1, F1)
and (M2, F2) are Riemannian manifolds.
Proof. Let X = X i ∂
∂yi
+ Xα ∂
∂vα
∈ Γ(V TM◦) and Y = Y j δ
d
δdxi
+ Y β δ
d
δduβ
,
Z = Zk δ
d
δdxk
+Zγ δ
d
δduγ
belong to Γ(HTM◦), also ∇v be the Vaisman connection
on (TM◦,FV , G
d). By (6 .112), we obtain
(∇vXG)(Y, Z) = X
i ∂
∂yi
(Y jZkf22 gjk) +X
i ∂
∂yi
(Y βZγf21 gβγ)
+Xα
∂
∂vα
(Y jZkf22 gjk) +X
α ∂
∂vα
(Y βZγf21 gβγ)
−X i
∂Y j
∂yi
Zkf22 gjk −X
i ∂Y
β
∂yi
Zγf21 gβγ −X
α∂Y
j
∂vα
Zkf22 gjk
−Xα
∂Y β
∂vα
Zγf21 gβγ −X
iY j
∂Zk
∂yi
f22 gjk −X
iY β
∂Zγ
∂yi
f21 gβγ
−XαY j
∂Zk
∂vα
f22 gjk −X
αY β
∂Zγ
∂vα
f21 gβγ
= 2X iY jZkf22Cijk + 2X
αY βZγf21Cαβγ .
Hence the condition (6 .114) for all Y, Z ∈ Γ(HTM◦) is equivalent to Cijk = 0
and Cαβγ = 0, which is equal to that (M1, F1) and (M2, F2) are Riemannian
manifolds.
7 Ka¨hlerian Structures
In this section, we define an almost complex structure on the slit tangent bun-
dle of a doubly warped product Finsler manifold and show that this structure
together the doubly warped Sasaki-Matsumoto metric construct an almost Her-
mitian structure. Then we find a condition, under which this structure can be
a Ka¨hler Structure.
We consider the ̥(TM◦)- linear mapping J : χ(TM◦) → χ(TM◦), defined
by
J =
δd
δdxi
⊗ δdyi −
∂
∂yi
⊗ dxi +
δd
δduα
⊗ δdvα −
∂
∂vα
⊗ duα,
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or
J(
δd
δdxi
) = −
∂
∂yi
, J(
∂
∂yi
) =
δd
δdxi
,
J(
δd
δduα
) = −
∂
∂vα
, J(
∂
∂vα
) =
δd
δduα
.
It is easy to see that J2 = −I, i.e., J is an almost complex structure on
TM◦. Also, simple calculations give us G(JX,JY ) = G(X,Y ), where X,Y ∈
Γ(TM◦). It means that G is almost Hermitian with respect to J. The al-
most symplectic structure associated to the almost Hermitian structure (G,J)
is defined by
Ω(X,Y ) := G(X,JY ), ∀X,Y ∈ Γ(TM◦).
By using (7 .115) and the above equation, we obtain
Ω(
δd
δdxi
,
∂
∂yj
) = G(
δd
δdxi
,J(
∂
∂yj
))
= G(
δd
δdxi
,
δd
δdxj
)
= f22 gij .
Similarly, we get the following
Ω(
δd
δduα
,
∂
∂vβ
) = f21 gαβ
and
Ω(
δd
δdxi
,
δd
δdxj
) = Ω(
δd
δdxi
,
δd
δduα
) = Ω(
δd
δdxi
,
∂
∂vβ
)
= Ω(
δd
δduα
,
δd
δduβ
) = Ω(
δd
δduα
,
∂
∂vβ
)
= Ω(
∂
∂yi
,
∂
∂yj
) = Ω(
∂
∂yi
,
∂
∂vβ
)
= Ω(
∂
∂vα
,
∂
∂vβ
) = 0.
Therefore, we can rewrite Ω as follows:
Ω = f22 gijdx
i ∧ δdyj + f21 gαβdu
α ∧ δdvβ .
By direct calculations, it is result that Ω = dω, where
ω = f22 y
igijdx
j + f21 v
αgαβdu
β .
Thus Ω is a close form. By attention to these explanations, we can conclude the
following theorem.
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Theorem 9. (TM◦,G,J) is an almost Ka¨hlerian manifold.
Consequently, the Ka¨hler structure on (TM◦,J,G) is equivalent to the in-
tegrability condition of J. The integrability of J is equal to the vanishing of
tensor field NJ, which is given by following
NJ(X,Y ) = [JX,JY ]− J[JX,Y ]− J[X,JY ]− [X,Y ], (7 .115)
where X,Y ∈ Γ(TM◦). By (7 .115), in computing NJ, the following equations
are presented
NJ(
δd
δdxi
,
δd
δdxj
) = −NJ(
∂
∂yi
,
∂
∂yj
) = −Rkij
∂
∂yk
−Rγij
∂
∂vγ
(7 .116)
NJ(
δd
δduα
,
δd
δduβ
) = −NJ(
∂
∂vα
,
∂
∂vβ
) = −Rkαβ
∂
∂yk
−Rγαβ
∂
∂vγ
(7 .117)
NJ(
δd
δdxi
,
∂
∂vα
) = −NJ(
δd
δduα
,
∂
∂yi
) = −Rkiα
δd
δdxk
−Rγiα
δd
δduγ
(7 .118)
NJ(
δd
δdxi
,
δd
δduα
) = −NJ(
∂
∂vα
,
∂
∂yi
) = −Rkiα
∂
∂yk
−Rγiα
∂
∂vγ
(7 .119)
NJ(
δd
δdxi
,
∂
∂yj
) = −Rkij
δd
δdxk
−Rγij
δd
δduγ
(7 .120)
NJ(
δd
δduα
,
∂
∂vβ
) = −Rkαβ
δd
δdxk
−Rγαβ
δd
δduγ
. (7 .121)
Thus we have the following.
Lemma 7. The complex structure J defined by (7 .115) is integrable if and only
if Rabc = 0, where a, b, c = 1, . . . , n1 + n2.
On the other hand, Rabc = 0 is equivalent to the integrability of HTM
◦.
Therefore, using Theorem 9 and Lemma 7, we conclude the following.
Theorem 10. (TM◦,G,J) is a Ka¨hlerian manifold if and only if the doubly
warped horizontal distribution HTM◦ is integrable.
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